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Letfe L', have period 27, such that at each point, ﬁght— and left-hand limits exist. Then, the
Fourier Series for fis

S(f)=%a,+ Y (a, coskx+b, sinkx)
where - -

a,=%] focoskt-ds, b, =+[" fysinke-dr

are the Fourier coefficients. The following is a well known result concerning these coefficients.

Riemann - Lebesgue Lemma ,
’ Both gy and by, — 0 as k — oo,

One of the big questions in Fourier analysis is: Does S(f) — f? A big answer came to
us in the 1960s: (Carleson - 1966, and Hunt - 1967)
fe L’,p>1, = S(f)— falmost everywhere:

We ask the following question: Does S(f) — fif we look at a specific x, for example x =
0? For x = 0, consider the partial sums of S(f):

Sn = 1a,+ Zak
k=1
= 71?.[_7; f (t){% + Zcoskt}dt
k=1

The factor in the brackets is called the Dirichlet Kernel:

L sin(n+ 5)t  sinnt  cosnt
D = %+ ) coskt = - = +
! 2 Z,‘ 2sin /% 2tan)s 2
sinnt | , 1 1 L ,
= —sinnt| —— 5CoSn
t t 2tanj) ?

Hence, by the Riemann-Lebesgue Lemma, for any & > 0,

s sinnt
S = ro=

dt +o(1)
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An analysis of the last integral gives the following well known result.

Dirichlet - Jordan Theorem
fe BV[0,270 = S, — AIf0+) +f0-)],
where BV[0, 27] is the space of functions of bounded variation on [0, 27].

(See [Z] for a thorough discussion on the above preliminaries.)
In 1972, Waterman extended this result:

Waterman (1972) [W72] -
R - feHBV[0;27t] = -Si — Y2[f(0+) + f(0-)], -

where f'e HBYV is defined as follows:

There exists a number M so that for any collection of non-overlapping
subintervals, {Ix = [sk, ]}

z\f(n)-]—f(sk)! oy
<

Our work deals with another question: What if we apply a summability method to the
Fourier Series of f, for example Summability by the First Cesaro Mean or (C, 1) Summability,
which is defined as follows:

Let {x,) be a sequence. We say that {x,} is (C, 1) summable to x if

1 &
—Zx" —> X as m —> oo,
m n=1

For example, {(-1)"} is (C, 1) summable to O.

Above, we saw that the partial sums of the Fourier series of fat x = 0 are

Sp= L f(t)[%+icoskt}dt.
d k=1

If we apply the (C,1) summability method, we must consider

m

Om = %fﬂf’(r)[mi " 2(% + L,Z]coskt)]dt
(=1

n=0

A classical theorem on the subject from Fejér follows. (Again, see [Z].)

Fejér's Theorem
On — 2[f(0+) + f(0-)].
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In 1995, Schembari and Waterman [SW] took this one step further. Since the Fourier series of f
is defined by

T, +2(ak coskx +b, sinkx),

we can "formally" differentiate it to obtain
DFES = Z(kbk coskx — ka, sin kx)

At x = 0, the partial sums of the DFS are:

s = ikbk =—+[" fmbp, ®-ar.
k=1 "

-~ The derivative of the-Dirichlet kernel behaves quite wildly. For example, hereisa graph

of the 10‘h Dirichlet kernel:
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while here is a graph of the derivative of the 10" Dirichlet kernel:
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We see a similar difference by looking at the 20" kernels.
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The 20" Dirichlet kernel:
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The derivative of the 20™ Dirichlet kernel:
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Hence a comparison of the 20" kernels shows that the derivative is an order of magnitude larger
in absolute value than the original kernel.

Here is even more evidence of the wild behavior of the derivative of the Dirichlet kernel.
If f is absolutely continuous on [-m, 7], then we can apply integration by parts to obtain

s, =Yk, ==t f@D, 0-ar=L[" 0D, 0)-dt,
k=1 T "

~ and by Waterman’s theorem, we need f’ € HBYV to insure convergence of the last integral.

We can attempt to calm down DFS by using (C, 1) Summability. We have
’ n x ,
S, =Y kb, =—+]" f()D, (t)-dt
k=1 4

Hence, the (C, 1) means of these partial sums are:
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o, ==+[" 1 ml ] Z;(D (r))dz =" 10 &, 1) -a

where K is the Fejér kernel:

m

m n ) [
Kn(n) = 1 2[l + > cos kzj _ ! 3 sin(n + /5)1
k=1

m+14< m+15 2sin/
I 1-cos(m+N)t 1 [sin(m—k 1)%}2

m+1 (2sin4)? 2(m+1) sin /4
Hence, -
T T T (mFEDE T T (m+ D - n+Dr
1 sin (1712 ) (m+ 1) cos (m+1) -sin /4 —sin (m+1) cos /s
K, (1) =
(@) 2(m+1) sin/ ' sin® /4
_sinm+ 1)t K, (2)
© 4sin* 4 tan /%
With analysis similar to that for D,, for any fixed ¢> 0, we can obtain
o, ’ e sinmt
o, =% f0-K, 0 -di=-L] f( ot +o(l),
In summary,
The Fourier Series of fat x = 0 is
s sinnt
Sp = e+ e, = = ] f (== —dt +o()

and we have the classic theorem updated by Waterman:

Dirichlet - Jordan - Waterman
If fe BV or HBYV, then S, — Y2[f(0+) + f{0-)].

Now, the DFS of fat x=0is

5, =Yk =—£[" 0D, -,

k=1

but D, are very wild so take averages by using (C,1) means:
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-——I f(0)

_—~j FOK, (1)-dt

sin l??t

dt +o(1)

We ask the question, "Can we extend the Dirichlet - Jordan - Waterman theorem to these
means?"

The first extension is quite trivial:

Extension 1:
If fe AC,f’(0+) and f’(0-) exist, then the DFS is (C, 1) summable to Y2[f’(0+) +f'(0-)].

Proof:
O =—',';J._””f(f)K,,, (1) dt——ﬂj;f’ (1)K, (1)-dt,

and apply Fejer’s Theorem. e

The second extension follows from the Dirichlet - Jordan - Waterman theorem, and was

reported in [SW] using Waterman's method in [W77].

Extension 2:

PAQ)
t

sin mt

Proof: o, =~——_[ )

ro(l)=—1 Jé fgt) smtmt

dt+o(1),

and apply Waterman’s Theorem. e

The final extension would be nice if it could be done:

Extension 3?
Can we define a generalized AC class which will give (C, 1) summability of the DFS?

Consider the following definitions:
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Bounded Variation (BV)
Jis of bounded variation if there exists a number M so that for any collection of
non-overlapping subintervals, {I; = [sk, #]}

ZIf(tk)—f(Sk)’< M.

Harmonic Bounded Variation (HBV)
J'is of harmonic bounded variation if there exists a number M so that for any
collection of non-overlapping subintervals, {I; = [sk, %]}

t.)—=f(s,
Z\f( SEFACY B
S ¢
Absolutely Continuous (AC)
Jis absolutely continuous if given any number € > 0, there exists a number ¢> 0
so that for any collection of non-overlapping subintervals, {I = [ss, %]}

Yt =s)<8 = 2|ft)-fls)|<e.

Harmonic Absolutely Continuous (HAC)
fis harmonic absolutely continuous if given any number € > 0, there exists a
number &> O so that for any collection of non-overlapping subintervals,

{Ix = [s1, 4]}
E_tk ;Sk <5 = Z——'f(tk);f(sk)| <e.

\

An open question is: Does HAC give (C,1) summability of the DFS?

HAC does have some nice properties that lead us to hope that we can answer this question in the
affirmative:

e ACcHACcBVCcHBVC, where BYC is the space of continuous functions of
bounded variation and HBVC is the space of continuous functions of harmonic
bounded variation.

1
e If fis in HBYV, then the Fourier coefficients a, and b, are O] — |.

PN

k=1

n

1
e Iffisin HAC, then a, and b, are o] — |.

L
k
k=]
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If HAC does give (C, 1) summability of the DFS, it may lead to an interesting result
about integration:

Do we have a new class of functions where we can apply integration by parts?
If fe HAC

0, = oA 0K, (1)-dt = LT F1 (1) K, (- dr ?

The second integral converges by Fejér's theorem, but does the second integral equal the first?

As we see, analyzing some of the classical theorems in Fourier Analysis and attempting
to apply them to other trigonometric series leads us to Fun with Fourier Series.
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