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     Discrete mathematical structures (DMS) is one of relatively newer courses offered by mathematics departments to undergraduate students with major mathematics, computer science, etc., perhaps, for only a few decades. Unlike other mathematics courses such as Calculus, Linear Algebra, the textbooks by different authors vary slightly in contents, while the textbooks of DMS, written by various authors, have significant difference, especially in selection of subjects.





      Hence, the professors assigned to teach DMS face a question before they teach this course:  what subjects should we teach our students in this course?  In this paper we will try to answer this question and give our opinion.  First we should consider the question: what is a discrete mathematical structure? Or a more general question: what is a mathematical structure?  A mathematical structure 





                           ��,





in some language (,  consists of the following:





           �= a nonempty set called the universe or field of the structure,





           � = n-ary relation from�to �EMBED Equation.DSMT4���,





          � = n-ary function:�,





            � = constants, i.e., some elements of �EMBED Equation.DSMT4���.





     The theory of �, Th(�), is the set of all sentences which are true in �.  The relations � and functions � satisfy some rules called axioms of this theory.


                                                             	


     The following are common examples of mathematical structures:





Group  ( = (G;  +), where G, the set of integers, is the universe of this group,  + is a 2-ary function from G to G, interpreted as the usual addition, i.e.,  + (2, 3) = 5.





Real field �= (�; +,�EMBED Equation.DSMT4���), where �is the set of all real numbers, + and �are usual addition and multiplication on �.





      2)  Graph  ( = (V; R), where V is the set of vertices, and R is a binary relation on V. 


           R(x, y) is interpreted as “there is an edge connecting vertices x and y”.





Lattice ( = (L; (, (), where ( and ( are 2-ary functions, usually called intersection and joint respectively.





      4)  Boolean algebra  ( = (B; (, ( , (; 0, 1), where ( is one-place function called


           complement, ( and ( are 2-ary functions called intersection and joint


            respectively, and 0, 1 are two constants explained as the minimal and


            maximal elements in the universe B. 


      


      A discrete mathematical structure is a mathematical structure with a discrete universe.  For instance, the integer group with the usual addition is a discrete mathematical structure, while the real field is a mathematical structure but not discrete.





     As a mathematical structure consists of set, functions, relations and constants, we need to introduce these mathematical concepts before we study mathematical structures.  The following is a reasonable order when we introduce these concepts.





               Sets ( Pairs ( Cartesian products ( Relations ( Functions. 





     First consider sets.  What is a set?  Actually this is a fundamental question in mathematics.  If we use words like collection, family, or group to define sets, it is easy to  have a logical circle of definitions.  In fact, “set” is the most basic concept in mathematics, which cannot be defined by any other mathematical concepts; on the other hand, every concept in mathematics is (finally) defined by sets.





     An ordered pair (x, y) can be defined by (x, y) = {{x}, {x, y}}.  One of the advantage of this definition is easy to explain to students why �.  Now we will be able to define the Cartesian product of sets.  For instance, the Cartesian product of two sets A and B is





                                        A�B = {(a, b) | a(A, b(B}.





     A relation is a subset of a Cartesian product. For example, R = {(x, y)((�( | x = y} is an equality relation on�.  Its geometric explanation is the diagonal of first and third quadrants.  The inequality on �is another relations: 


�	


                                        ( = {(x, y)((�( | x < y }.





This is a half of the Cartesian plane.





     Functions are relations with some special properties.  Suppose that F is a relation from A to B, i.e., F ( A�B.  If for each element a in A there is unique element b in B such that (a, b) is in F, i.e., it satisfies the following condition:


   


                                      (a(A(!b(B[(a, b)(F],





then it is a function.  For example, F = {(1, 2), (4, 3)}�{1, 4}�{2, 3} is a function from {1, 4} to {2, 3}.  R = {(x, y)((�( | x = y} ( (�( is a function on (.  However, G = {(1, 2), (1, 3)} is not a function, it is a relation from {1} to {2, 3}.





     Thus we should be able to arrange the contents of this course.





Chapter 1.  Sets.





Chapter 2.  Logic and proof strategies.





Chapter 3.  Relations.





Chapter 4.  Functions





Chapter 5.  Discrete Mathematical Structures.





     Chapter 2 is not only a preparation for the remaining chapters but also very helpful for students when they take higher level mathematics courses in which the proof strategies are necessary.  Chapter 5, in some sense, is the reasonable extension of Chapter 4 to discrete mathematics.  Chapter 6 is an example of applications of Chapter 4 for some discrete subjects.





     Now we would like to say some detail for each chapter.





Chapter 1.  Sets.  In this chapter we indicate first that “set” is the most fundamental concept of mathematics.





Section 1.1.  Empty set.  The empty set is a set containing nothing, defined as ( = {  } =


                     {x | x ( x}.  


            


Section 1.2. Basic operations on sets and Venn diagrams.  For instance, we define and


                    discuss the following: x � A, A� B, A = B,  A(B, A(B, �, A - B = 


                   A \ B, ((A) = {x | x  ( A}.





                      We may  ask students some questions like the following:





                  True or false: ( ( {(}, ( ( {(}, ( ( (, ( ( (, ( = {(}, ( ( (((), 


                  ( ( ((().  And, for example, ((((() = ?





Section 1.3.  Basic properties.  For example, De Morgan’s laws





                         �EMBED Equation.DSMT4���,  ��,





                     should be included.





Section 1.4.  Infinite sets.  Since any infinite set contains a subset which is one-to-one


                     Corresponding  to the original infinite set, we may use this as the definition


                     of infinite sets.





               We also introduce the concepts: cardinality of a set, infinite cardinals,  


            countable and uncountable sets. The experience we taught this course tells


            us that students are very interested in hearing the story and history of


           Continuum Hypothesis, the Hilbert’s first problem posted in the International  


           Congress of Mathematicians in 1900. (It is still open.)  We list here  


           Continuum Hypothesis (CH) and Generalized Continuum Hypothesis


           (GCH):  





                         CH:                ��,


                              GCH:                 �,





                     where �is the list of infinite cardinals in ascending order.





Chapter 2.    Logic and Proof strategies.





Section 2.1. Truth Tables.





Section 2.2. Logic connectives (, (, (, (, ( and sentential logic.


Section 2.3. Quantifiers ((, () and quantificational logic. We may also introduce more


                   operations on infinite sets in this section, e.g.,  


                             


                                       (( = {x | (A(((x(A)},





                                       (( = {x | (A(((x(A)}.





Section 2.4. Deductive and inductive reasoning.





Section 2.5. Proof strategies.  We introduce some logic implication and  


                    equivalence which  can be used in proofs, e.g.,





                   1)  Modus ponens:     (P ( Q)(P ( Q.





             2)  Modus tollens:     (P ( Q)((Q ( (P.


 


                   3)  Contrapositive:   P ( Q ( (Q ( (P.





             4)  P ( Q ( R ( P ( ( Q ( R.





                   5) Q ( R ( P ( (Q ( P) ( (R ( P).





     As we said earlier that these strategies are also helpful to students as they study other mathematics courses.  We have many such kind of examples.  Here are some examples in the course Linear Algebra..





Example 1.  Suppose that the dimension of a vector space V is n and � are n vectors in V.  Then they are a basis if they are independent or if they span V.  


 


     We first analyze the statement.  Suppose:


 Q stands for they are independent.


 R stands for they span V.


 P stands for they are a basis.


 Then we can express this statement as a logic expression: Q ( R ( P.  As above 5) we know that it is logically equivalent to (Q ( P) ( (R ( P).


Thus we need to show the following two:


If they are independent then they are a basis, 


      b)   If they span V then they are a basis.


Both are easy to be proved.





Example 2. Let V be a vector space.  The addition identity is �EMBED Equation.DSMT4���, �is a scalar, � is a vector in V. Then � implies � = 0 or �.   


 


     Suppose:


P stands for �.


Q stands for �= 0


R stands for �.


So this statement can be expressed as P ( Q ( R. By above 4) it is logically equivalent to  


P ( ( Q ( R.  That is, we need to show: 





                                     If � and �� then �.





The poof of this is much easier than a direct proof.  Since �, both sides of �can be divided by � and we have the desired.





Chapter 3.  Relations.





Section 3.1. Relations.   A relation is defined as a subset of a Cartesian product of sets,  


                    i.e., R ( �.





Section 3.2.  Composition of relations.   Suppose �, � are two relations.   


                    Then the composition of these two relations � is defined as  


             


                    �        





Section 3.3.  Inverse of a relation.  Suppose �is a relation.  The inverse of � is


                    defined as


                


                                        �.





Section 3.4.  Some properties of relations: reflexive, irreflexive, symmetric,


                     antisymmetric, and transitive properties.





Section 3.5.  Two important relations: 


                     1).  Partial ordering, linear ordering, and Hasse diagrams 


.                    2).  Equivalence relations, equivalence classes, and partitions, e.g.,   


                           congruence modulo n on ( is an equivalence relation.





Chapter 4.  Functions.





Section 4.1. Definition of functions.  Suppose that f is a relation form A to B.  Say f is a


                    function form A to B, if (a ( A (!b ( B [(a, b) ( f].





Section 4.2. Composition of functions.





Section 4.3. One-to-one functions (Injection).





Section 4.4. Onto functions (Surjection).





Section 4.5. One-to-one and onto functions (Bijection)


                    Examples:   Congruence modulo n is an equivalence relation.  Suppose that


                    the corresponding partition is P = {[0] , [1] , . . . , [n-1]}, where 


                    [i] = {a ( ( | a ( i (mod n)}.


                    Now we can determine whether one-to-one, onto or neither for the functions:


                    f :  ( ( (  defined by f([i]) = [2i].


                    g : ( ( (  defined by  f([i]) = [i+1].





Section 4.6.  Inverse of a function.  Let � be a function form A to B.  Then


    


                        �


                 


                   is the inverse of �.  From this definition it is easy to see that only one-to-one


                   functions have inverse. 





Section 4.7.  Mathematical induction.





      To show that P is a true statement for every natural number n, i.e., (n ( ( P(n), we need to show:


                            


                                 P(0) ( (n ( ( (P(n) (P(n+1)).





                 Choose examples in algebra, trigonometry, geometry, graph theory, set theory, 


            computer science, etc.





Section 4.8. Recursion.  For example, the recursive definition of Fibonacci sequence: 


               F(0) = 1, F(1) =1, F(n+2) = F(n) + F(n+1), for  n ( 0.





Section 4.9. Strong induction.  To show (n ( ( P(n), we need to show


            


                                        (n[((k < n P(k)) ( P(n)].





                   e.g., we may show the explicit formula of  Fibonacci number by strong


                   induction: 


      


                                        F(n)  =  �.





Chapter 5.  Discrete Mathematical Structures.


                   Since there are many discrete mathematical structures, we may choose some


                  of them in this chapter. 


Section 5.1. Groups and semigroups. For example, ( = {M, +} is a group, where 


                 M = �, and + is the usual addition of matrices.





Section 5.2. Graph.  A graph ( = (V; R) is a discrete math structure consisting of a set of  


                     vertices V and a binary relation R. The following are reasonable subjects to


                     be included


            1)  Graphs and subgraphs.


            2)  Paths and circuits.


            3)  Matrix representations of graphs.


            4)  Isomorphism of graphs.


            5)  Trees and forests


            6)  Spanning trees.        





Section 5.3. Lattice.   ( = (L; (, ().  Semilattice, modular lattice, distributive


                    lattice, complete lattices, etc.





Section 5.4. Boolean algebra.  Two definitions and their equivalence.


                    Examples.�EMBED Equation.DSMT4���
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