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A Brief Survey of Difference Sets, Partial Difference Sets, and
Relative Difference Sets

Abstract

This paper gives an introduction to difference sets(DSs), partial difference sets
(PDSs), and relative difference sets (RDSs). Included is a discussion of meth-
ods for analyzing these sets with group rings and characters, as well as their
relationships with designs and graphs. Finally, we make use of the character
theory to give some interesting examples.

1 Introduction

Difference sets, partial difference sets, and relative difference sets are algebraic
structures with combinatorial applications. The purpose of this paper is to give the
reader definitions and basic examples of these sets, as well describe their connections
to some other well-known combinatorial objects. We will conclude with some exam-
ples that illustrate how character theory can be used to prove that a set is a (partial)
difference set. A fairly extensive list of references is included for further reading.

Definition 1 Let G be a finite group of order v, and let D be a subset of G with
cardinality k.

1. D is a (v, k, λ)-difference set(DS) if the list of differences d1d
−1
2 , d1, d2 ∈ D, rep-

resents every nonidentity element in G exactly λ times.

2. D is a (v, k, λ, µ)-partial difference set(PDS) if the list of differences d1d
−1
2 , d1, d2 ∈

D, represents every nonidentity element in D exactly λ times and every nonidentity
element of G−D exactly µ times.

3. If N is a normal subgroup of G with order n, and v = mn, then D is an (m,n, k, λ)-
relative difference set (RDS) in G relative to N if the differences d1d2

−1 for d1, d2 ∈
D, d1 6= d2 represent each nonidentity element of G \ N exactly λ times and each
element of N zero times. For this reason, N is called the forbidden subgroup.

A DS (PDS, RDS) is called cyclic or abelian when the group G is cyclic or abelian.
For more extensive information on these sets there are excellent sources for each type
of set. For difference sets, the survey of Jungnickel, [8], is a good reference. Ma has
written an informative survey on partial difference sets [10], and finally the text by
Pott, [13], gives detailed information on relative difference sets.

The following are some small examples of each of these types of difference sets.
First let G1 = Z7 and D1 = {1, 2, 4}, so D1 is the set of nonzero quadratic residues
modulo 7. Then D1 is a (7, 3, 1)-DS. As another example, consider G2 = Z5 and
D2 = {1, 4}, so D2 is the set of nonzero quadratic residues modulo 5. Then D is a
(5, 2, 0, 1)-PDS because 1 − 4 = 2 6∈ D and 4 − 1 = 3 6∈ D. In general, the set of
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nonzero quadratic residues in GF (pr) is a DS in the additive group if pr ≡ 3 (mod 4)
and a PDS if pr ≡ 1 (mod 4). Finally, let G3 = Z4, with N = {0, 2} and D3 = {1, 2}.
Then D3 is a (2, 2, 2, 1)-RDS in G3 relative to N .

2 Relationships with Character Theory

We will see that difference sets are equivalent to certain symmetric designs, while
partial difference sets have connections to strongly regular graphs. Because of these
connections, and the resulting applications to error-correcting codes, difference sets
are widely studied objects. We will consider some of these relationships in the fol-
lowing section.

In this section, we develop a theorem that relates partial difference sets to charac-
ter sums. We also state two theorems, relating difference sets and relative difference
sets to character sums. We will then use those theorems in Section 4.

Often DSs and PDSs are studied within the context of the group ring Z[G]. For
a subset D in G we can write D =

∑
d∈D d and D(−1) =

∑
d∈D d−1. This is abuse of

notation which is widely accepted; so that depending on the context D will represent
the difference set D or the element

∑
d∈D d in the group ring Z[G]. If D is a PDS we

have the following group ring equations as immediate consequences of the definition
of PDSs. These equations will be useful when considering the relationship between
PDSs and character theory:

DD(−1) = (k − µ)1 + µG + (λ− µ)D where 1 6∈ D
DD(−1) = (k − λ)1 + µG + (λ− µ)D where 1 ∈ D.

The following propositions are useful when considering partial difference sets.
These propositions do not apply to difference sets and relative difference sets. They
can be found, for example, in the survey article of Ma as Theorem 2.2 and Proposition
3.1 [10]. We will spend a little more time with PDSs, but could alternatively have
developed results on DSs and RDSs. Instead we will state the major results on these
types of set without the details.

Proposition 1 If D is a (v, k, λ, µ)-PDS in a group G with λ 6= µ then D = D(−1);
in other words, d ∈ D if and only if d−1 ∈ D.

Proof: d1d2
−1 = d if and only if d2d1

−1 = d−1. Corresponding to the pair (d1, d2) in
D × D with d1d2

−1 = d there is the pair (d2, d1) with d2d1
−1 = d−1. So there exist

exactly λ pairs (d1, d2) in D×D so that d1d2
−1 = d if and only if there exist exactly

λ pairs (d2, d1) in D ×D so that d2d1
−1 = d−1. Since λ 6= µ it follows that d ∈ D if

and only if d−1 ∈ D.

2

Proposition 2 If D is a (v, k, λ, µ)-PDS with 1 ∈ D then D−{1} is a (v, k− 1, λ−
2, µ)-PDS.
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Proof: From the list of differences of D we remove the differences 1d−1 and d1 to
obtain the list of differences of D−{1}. Thus each element in D appears exactly two
fewer times in the list of differences of D − {1}, while the elements in G−D appear
the same number of times.

2

Now we are ready to consider the relationship between PDSs and character theory.
Character theory is frequently used to simplify calculations with difference sets and
partial difference sets in abelian groups. In [14] Turyn and separately Yamamoto
[19] first used character theory to study abelian difference sets. A character on an
abelian group G is a homomorphism from the group to the complex numbers with
modulus 1 under multiplication. The set of all characters on a finite abelian group
forms a group, G∗, under multiplication, the dual group of G, and |G∗| = |G|. The
principal character, which is 1 on all the elements of G, is the identity for G∗; any
other character in G∗ is called nonprincipal. One can naturally extend a character
on G to a homomorphism of the group ring Z[G] as follows: if χ is a character on G,
then for an element A =

∑
g∈G agg let χ(A) =

∑
agχ(g) so that if S is a subset of G,

then χ(S) =
∑

s∈S χ(s).
We will need the following well-known lemmas:

Lemma 1 (1) For any group G and any nonprincipal character χ on G, χ(G) = 0.
For χ principal, χ(G) = |G|. (2) Similarly, for every g ∈ G with g 6= 1,

∑
χ∈G∗ χ(g) =

0;
∑

χ∈G∗ χ(1) = |G|.

Proof: (1)(found in van Lint[15]) Suppose χ is a nonprincipal character, so there
exists an h ∈ G with χ(h) 6= 1. Then consider the following equation:

χ(h)χ(G) = χ(h)
∑
g∈G

χ(g) =
∑
g∈G

χ(hg) =
∑
g∈G

χ(g) = χ(G).

Since χ(h) 6= 1 it follows that χ(G) = 0. If χ is principal, then χ(g) = 1 for all g ∈ G,
so clearly χ(G) = |G|. The proof of (2) is analogous to (1).

2

Lemma 2 (Fourier Inversion Formula) Let G be a finite group with dual G∗.
Then if A =

∑
g∈G agg, then

ah = (1/|G|)
∑

χ∈G∗
χ(A)χ(h).

Note that χ(h) is the usual complex conjugate.
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Proof: ∑
χ∈G∗

χ(A)χ(h) =
∑

χ∈G∗
(
∑
g∈G

agχ(g))χ(h) =
∑
g∈G

∑
χ∈G∗

agχ(gh−1) =

∑
g∈G,g 6=h

0 + ah

∑
χ∈G∗

χ(hh−1) = ah|G|.

Dividing through by |G| gives the result.

2

At last we can consider the main theorems relating character theory to abelian
partial difference sets, difference sets, and relative difference sets. A proof of the
partial difference set result is included, and the proofs of the other results are very
similar.

Theorem 1 The subset D (with 1 6∈ D) of the abelian group G is a (v, k, λ, µ)-PDS

with λ 6= µ iff χ(D) =
λ−µ±

√
(λ−µ)2+4γ

2 for every nonprincipal character χ of G

and k2 = k + λk + µ(v − k − 1). Recall that γ = k − µ.

Proof: Suppose D is a (v, k, λ, µ)-PDS in the group G. Consider the group ring
equation above (we can assume 1 6∈ D because of Proposition 2 above):

DD(−1) = (k − µ)1 + µG + (λ− µ)D.

By Proposition 1, D = D(−1) for λ 6= µ so we replace the equation with:

DD = (k − µ)1 + µG + (λ− µ)D.

Then we have for χ a nonprincipal character on G

χ(DD) = (k − µ)χ(1) + µχ(G) + χ((λ− µ)D)

= (k − µ) + (λ− µ)χ(D).

Thus we have the expression:

(χ(D))2 = (k − µ) + (λ− µ)χ(D).

Solving for χ(D) gives χ(D) =
λ−µ±

√
(λ−µ)2+4γ

2 . The condition that k2 =

k + λk + µ(v − k − 1) follows from counting the nonidentity elements in DD(−1)

in two ways: there are k(k− 1) such elements clearly, but for D to be a PDS it must
be that each element in D has λ representations in DD(−1) while each nonidentity
element of G − D has µ representations. Therefore k(k − 1) = λk + µ(v − k − 1).
The equation also follows from evaluating the principal character on the equation for
DD.
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Now suppose χ(D) =
λ−µ±

√
(λ−µ)2+4γ

2 for every nonprincipal character χ on

G and that k2 = k+λ(k)+µ(v−k−1) (χ0 will denote the principal character). This
implies that if χ is nonprincipal on G then χ(DD) = (λ−µ)χ(D) + (k−µ). Now we
apply the Fourier Inversion Formula on the set DD =

∑
g∈G agg, and have:

a1 = 1/v
∑

χ∈G∗
χ(DD)χ(1) = 1/v

∑
χ∈G∗

χ(DD) = 1/v[
∑

χ6=χ0

(λ−µ)χ(D)+ (k−µ)]+k2/v

=
(k − µ)(v − 1) + k2

v
+

λ− µ

v

∑
χ6=χ0

χ(D) =
(k − µ)(v − 1) + k2

v
+

λ− µ

v

∑
χ6=χ0

∑
d∈D

χ(d)

=
(k − µ)(v − 1) + k2

v
+

λ− µ

v

∑
d∈D

∑
χ6=χ0

χ(d) =
(k − µ)(v − 1) + k2

v
+

λ− µ

v
(−k).

Using the equation k2 = k + λk + µ(v− k− 1) to simplify gives a1 = k. Now suppose
that d0 ∈ D, then:

ad0 = 1/v
∑

χ∈G∗
χ(DD)χ(d0) = 1/v

∑
χ∈G∗

χ(DD)χ(d0
−1)

= 1/v
∑

χ6=χ0

[(λ− µ)χ(D)χ(d0
−1) + (k − µ)χ(d0

−1)] + k2/v

= 1/v[(λ− µ)
∑

χ6=χ0

∑
d∈D

χ(d)χ(d0
−1) + (k − µ)

∑
χ6=χ0

χ(d0
−1) + k2]

= 1/v[(λ− µ)
∑

d∈D,d 6=d0

∑
χ6=χ0

χ(dd0
−1) + (v − 1)(λ− µ) + (µ− k) + k2]

= 1/v[(λ− µ)(−k + 1) + (v − 1)(λ− µ) + (µ− k) + k2].

Using the equation k2 = k + λk + µ(v − k − 1) to simplify gives ad0 = λ. A similar
calculation gives ag = µ for g ∈ G−D and g 6= 1.

Hence we have that DD = (k − µ)1 + (λ− µ)D + (µ)G so D is a (v, k, λ, µ)-PDS
in G.

2

Notice that the preceding result does not involve an absolute value. The result
reveals that for D a partial difference set in an abelian group G with λ 6= µ, the
character sum, χ(D), must be a real number for all characters on G. The equivalent
theorem for difference sets requires the modulus; this implies that the character sums
for difference sets need not be real. For a more detailed description of the relationship
between DSs and character theory see Turyn [14]. We conclude with Theorem 3, which
is the analogous result for RDSs.

Theorem 2 The k-element subset D of the abelian group G is a (v, k, λ)-DS iff
|χ(D)| =

√
n for every nonprincipal character χ, where n = k − λ is the order

of the difference set.
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Theorem 3 Let G be an abelian group of order mn with a subgroup N of order n,
and let D be a subset of G with cardinality k. Then D is an (m,n, k, λ)-relative
difference set in G relative to N if and only if, for any character χ of G,

χ(D) =


k if χ is principal on G,√

k − λn if χ is nonprincipal on G but principal on N,√
k if χ is nonprincipal on N.

3 Connections with Combinatorial Objects

A (v, k, λ)-difference set is equivalent to a (v, k, λ)-symmetric design with a regular
automorphism group. A symmetric design is an incidence structure with v points and
v blocks so that each point is incident with k blocks, each block is incident with k
points, and any pair of points are together on λ blocks.

To see the connection between DSs and symmetric designs define the development
of D, a (v, k, λ)-DS in a finite group G, to be an incidence structure with points being
the group elements and blocks being the set of all translates gD for g ∈ G (each
translate is itself a DS). For a proof of the equivalence between the development of D
and symmetric designs with regular automorphism groups see Assmus and Key [2].

Example 1 (Fano Plane) Consider the (7, 3, 1)-difference set D = {1, 2, 4} inside
the group Z7. The blocks of the design are the translates of the difference set: a + D
for a ∈ D. Then the associated (7, 3, 1)-symmetric design is the Fano Plane:

1 5 6

2 30

4
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A (v, k, λ, µ)-partial difference set is isomorphic to a strongly regular Cayley graph
with a regular automorphism group. To construct a Cayley graph, X(G, S) (this
notation comes from Dicks and Dunwoody [7]), from a subset S of a group G, let
the vertices of the graph be the elements of the group. Two vertices g1 and g2 are
connected by a directed edge if g2 = sg1 for s ∈ S. If the subset is a partial difference
set, D, with λ 6= µ then we know from Proposition 1 that d ∈ D implies d−1 ∈ D.
Thus if g2 = dg1 then g1 = d−1g2, so we can consider the Cayley graph, X(G, D),
associated with D to be undirected.

A (v, k, λ, µ)-strongly regular graph is a graph with v vertices so that each vertex is
connected to k other vertices, and with the additional property that distinct vertices
x and y share edges with either λ or µ common vertices as x and y are either adjacent
or non-adjacent.

Lemma 3 If D is a (v, k, λ, µ)-PDS with λ 6= µ in a group G then the associated
Cayley graph, X(G, D), is a (v, k, λ, µ)-strongly regular graph.

Proof: Suppose D is a (v, k, λ, µ)-PDS in a group G. Clearly the graph X(G, D)
has v vertices (one for each element of G). Since there are k elements in D, from
every vertex g there are k vertices dg which share an edge with g. Consider the
number of vertices x which share an edge with the two distinct vertices g1 and g2.
Then x = d1g1 = d2g2 for d1, d2 ∈ D. The number of solutions x is the number of
ordered pairs (d1, d2) that satisfy d1g1 = d2g2, or g1g2

−1 = d2d1
−1. If g1g2

−1 ∈ D
then there are λ solutions, while if g1g2

−1 ∈ G −D then there are µ solutions. But
g1g2

−1 ∈ D implies g1 and g2 are adjacent, while g1g2
−1 ∈ G − D implies g1 and g2

are not adjacent. So X(G, D) is a (v, k, λ, µ)-strongly regular graph.

2

Informally we show that the other direction also holds. Suppose X(G, D) is a
(v, k, λ, µ)-strongly regular graph with a regular automorphism group. Then clearly
|G| = v and |D| = k (assuming an edge implies both directions). Take a vertex x and
consider an adjacent vertex xd. They share λ neighbors z with z = xd1 = xdd2, so
there are λ solutions to the equation d = d1d2

−1. This holds for all d ∈ D. A similar
argument holds for x and xg where g 6∈ D. So a strongly regular Cayley graph with
a regular automorphism group yields a partial difference set also.

4 Some Interesting Examples

In Section 2, we saw that characters could be used to examine difference sets, partial
difference sets, and relative difference sets. In this section we will informally see how
this theory can be used.

Throughout this section let G = Z3 × Z3. We can split G into 4 subgroups that
intersect only at the identity. Namely, we have the subgroups H1 =< (0, 1) >=
{(0, 0), (0, 1), (0, 2)}, H2 =< (1, 0) >= {(0, 0), (1, 0), (2, 0)}, H3 =< (1, 1) > =



8

{(0, 0), (1, 1), (2, 2)}, and H4 =< (1, 2) >= {(0, 0), (2, 1), (1, 2)}. Lemma 1 gives
us that for any of these subgroups H and for any character χ on G, χ(H) = 0 or
χ(H) = 3. In fact, it is also true that if χ is nonprincipal on G, then of the 4 sub-
groups listed above there will be exactly one subgroup H ′ such that χ(H ′) = 3 and
for all others χ(H) = 0.

Partial Difference Set Example

Let D =< (0, 1) > ∪ < (1, 0) > −{(0, 0)} = {(0, 1), (0, 2), (1, 0), (2, 0)}. We use
Theorem 1 to see that this is a (9,4,1,2)-PDS in G(for this small example you admit-
tedly could just list all the differences and check the result by definition of PDS). It
is easy to check that k2 = k +λk +µ(v−k−1). Suppose that χ is some nonprincipal
character on G. We want the character sums on D to be -2 or 1. By the above
discussion, we know that χ will be principal on exactly one of the 4 subgroups we
listed, so we have one of 2 possibilities:

Case 1: χ is principal on neither of the subgroups involved in forming D, whence
χ(< (0, 1) >) = χ(< (1, 0) >) = 0 so χ(D) = (χ(< (0, 1) >)−χ(0, 0))+(χ(< (1, 0) >
)− χ(0, 0) = (0− 1) + (0− 1) = −2.

Case 2: χ is principal on one of the two subgroups involved, suppose that it be
< (0, 1) > without loss of generality. We either have χ(0, 1) + χ(0, 2) = 2 while
χ(1, 0) + χ(2, 0) = −1, so χ(D) = 1. The same character sum results when χ is
principal on < (1, 0) >.

This type of example has many generalizations, for example in [3, 5, 6, 11].

Difference Set Example

Let the overall group be G′ = Z4 × G. Then let D = (0, G − H1) ∪ (1, H2) ∪
(2, H3)∪ (3, H4). We will show that D is a (36,15,6)-DS in G′. Let χ be an arbitrary
nonprincipal character on G′. We will show that |χ(D)| = 3, thereby showing that D
is a difference set by Theorem 2.

Case 1: If we have that χ is principal on G but not G′, then it must be that χ
is nonprincipal on Z4. So χ(D) = χ(0, G − H1) + χ(1, H2) + χ(2, H3) + χ(3, H4) =
|G−H1|χ(0)+|H2|χ(1)+|H3|χ(2)+|H4|χ(3) = 6χ(0)+3χ(1)+3χ(2)+3χ(3) = 3χ(0)+
3χ(Z4). But χ is nonprincipal on Z4, so χ(Z4) = 0 and we get χ(D) = 3χ(0) = 3.

Case 2: If χ is nonprincipal on G, then we know χ(Hi′) = 3 for one i′ and χ(Hi) = 0
for all other i. If i = 1 we get χ(D) = −3χ(0), while if i 6= 1 we get χ(D) = 3χ(i).

For more involved examples of this type of difference set calculation, see [1, 4, 6,
16, 17, 18]. There are many others.
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We will not consider any examples of relative difference set calculations, but they
are fairly similar. If you want to see examples of relative difference sets with character
theory, consult any of the following: [3, 6, 9, 12].

FOOTNOTES

If you are interested in learning more about difference sets, please feel free to
contact the author.
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