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Most college mathematics departments have a mathematics course which is used to help mathematics majors transition from manipulative and computational skills to the formal mathematical reasoning needed to handle the more abstract nature of advanced undergraduate mathematics courses.  Normally such a course is offered during the first or second semester of the sophomore year of the mathematics program.  At King's College we take a different approach.  We require a course entitled "Logic and Axiomatics" of all first-semester first-year mathematics majors.  This article provides a description of that course and a discussion of how it interfaces with the other courses in our mathematics curriculum.
The course consists of three units - Logic, Set Theory, and Axiomatics.  The section on logic consists of a discussion of the logical connectives (we use truth tables to define the connectives formally but we deemphasize truth tables in general), quantifiers, and arguments.  Within the section on logical connectives, we discuss conjunction, disjunction, negation, conditional, and biconditional.  We carefully examine universal and existential quantifiers.  Quantifiers are tricky for the students, but it is important for the students to begin to become comfortable with them.  We then discuss direct and indirect arguments and counterexamples.  

This material is covered in about two weeks.  We do not want to study logic formally, but rather we want the students to understand the basic concepts of logic and then become comfortable with them by spending the remainder of the semester applying logic in various mathematical settings.


In the section on set theory we formally define set theoretic notions: subset, proper subset, equal sets, union, intersection, and complement and so on by using the logical connectives and quantifiers from the section on logic.  Next we give the students set theoretic propositions to prove, divide the class into small groups of three or four students each, and require each group to determine if the given proposition is true or false and then write a formal argument on the blackboard to support their conclusion.  Usually there are four such groups in the class.  A junior mathematics major functions as a student aide in the class, and the instructor and the student aide go from group to group critiquing their arguments for mathematical correctness as well as grammar and style.

The final section of the course is Axiomatics.  First we explain the axiomatic method.  An axiom system is made to contain a set of technical terms (element, set, point, relations among elements, etc.), which are deliberately chosen as undefined terms.  These are the primitive terms of the system.  All other terms are defined in terms of the primitive terms.  These are called the definitions of the system.  


The system is made to contain a set of propositions about the primitive terms which are unproven and assumed to be true.  These are the axioms, postulates, or assumptions of the system.  All other propositions are logically deduced from the axioms.  These are called the theorems, lemmas, or corollaries of the system.      
[image: image1]
At this point in the course, students begin working with small axiom systems.  As an example of the type of system that the students encounter, consider the following axiom system, where spy, plot, and involve are primitive terms.
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We carefully work through the statements discussing the quantifiers and connectives, explaining exactly what each axiom means, and observing exactly what must be done to argue each theorem.  We then prove all of the theorems on the blackboard for the students.  The following is an example proof of the first theorem.

[image: image2]
Then we break the class up into small groups and supply the students with four new examples of small axiom systems.  We request that they write formal arguments for all of the theorems in each system and we critique their arguments for mathematical correctness as well as grammar and style.  Once we have worked our way through these axiom systems we begin to discuss important properties of small axiom systems.


First we consider consistency of the system which is the most important axiom system property.  We think of an axiom system as consistent if the system does not imply any contradictory statements.  To prove that an axiom system is consistent we normally find a model so that, with the proper choice of undefined terms, the model satisfies all of the axioms.   

The following model, where points represent spies and lines represent plots, attests to the consistency of our original small axiom system.


[image: image3]

Also we observe that, since we were able to prove all of the theorems as a consequence of the axioms, the theorems must also hold in the model.  Thus in every model for which all axioms hold, all of the theorems must hold as well.

Independence of the axiom system is the other property of axiom systems in which we are interested.  An axiom in a given system which can be proven as a logical consequence of the remaining axioms in the system is said to be dependent upon the other axioms.  If no axiom is dependent upon the others, then the set of axioms is independent.  To show that one axiom of an axiom system is independent of the others, we find a model which satisfies all of the axioms except that one.  When we show that one axiom is independent of the others we are in effect proving it is impossible to prove that axiom as a consequence of the others.  

The following model, where points represent spies and lines represent plots, attests to the independence of Axiom 3 from the others in our original small axiom system.

[image: image4]
Once we have discussed consistency and independence, we have the students revisit the four axiom systems previously considered in class.  We ask them to supply a consistency model for each system.  Also, within each system we have the students consider each axiom, determine whether it is independent of or dependent of the others, and then argue their conclusion.  Thus the students become quite adept at generating models.


Finally, in the last three weeks of the semester each student is required to design his or her own original small axiom system.  The process is as follows:  The student chooses a small geometric model consisting of lines and points.  Then every proposition which can be observed in the model about the relationship between lines and points is written out.  Since every proposition is observed in the original model that model becomes the consistency model for the system.  Next four of these propositions are chosen as axioms.  Students are encouraged to choose at least one existential proposition as an axiom.  Then the student attempts (via the modeling process discussed earlier) to show each axiom is independent of the others.  If an axiom can not be proven to be independent of the others then the student attempts to show it is dependent on the others by proving it as a result of the others.  If it can be proven, then it is moved below and called a theorem and another proposition from the proposition list replaces it as an axiom.  This process continues until the student has four independent axioms and at least three theorems (and their proofs).

The following axiom system is an example of a system designed by a student.  We will not prove the theorems, but we will look at the models.

The following model, where points represent students and lines represent clubs, attests to the consistency of this small axiom system.


[image: image5]
The following models, where points represent students and lines represent clubs, attest to the independence of this axiom system.


[image: image6]

[image: image7]

An interesting feature of this axiom system is the existence of another consistency model.  In order to be able to prove a proposition it must be a consequence of the axioms and thus it must be true in every consistency model.  Thus if one has many consistency models, only the propositions which are true in every model are possibilities for theorems.  That a proposition is true in all of your consistency models is not sufficient to guarantee it may be proven as a theorem because there may be other consistency models which have not been discovered.  In any case, the following models are both consistency models for this system.
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The interesting observation is that all propositions are true in both models except that Theorem 4 is not true in the second model.  Thus Theorem 4 is independent of the other seven statements and can not be proven.  The student who designed this system was able to prove the first three theorems.  When she was unable to prove Theorem 4 she returned to the modeling process and was able to find the second consistency model which showed that the proof of Theorem 4 under the assumption of the axioms is impossible.

Next we discuss how "Logic and Axiomatics" interfaces with our mathematics curriculum.  We start to incorporate what our students learn in Logic and Axiomatics into other courses very early on.  Most students in the Logic and Axiomatics course take Analytic Geometry and Calculus I concurrently.  This calculus course provides great opportunities for us to establish meaningful and lasting connections between knowledge gained from Logic and Axiomatics and other mathematical content.  

For example, after discussing limits in an intuitive way and focusing on how to calculate them, we examine the precise definition of a limit, which we state here.

Precise Definition of a Limit

We write 
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Of course, one of the keys to being able to work with this definition is to have an understanding of the universal and existential quantifiers.  By the time this definition comes up in the calculus course, quantifiers have already been explored in detail in Logic and Axiomatics.  As a result, this provides a first opportunity for students to recognize the role of what they have learned in the Logic and Axiomatics course.  At this point, the light goes on for many students as they start to appreciate the significance of what they are doing in Logic and Axiomatics.

Analytic Geometry and Calculus I provides further opportunities for building upon the learning from Logic and Axiomatics.  One really nice example of this occurs when we discuss Rolle’s Theorem.  One can apply this theorem and the Intermediate Value Theorem to write very nice formal proofs that certain equations have exactly one real solution.  Below is such an example.
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Proof. Let 
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.  Then f is continuous everywhere since it is a polynomial function.  Observe that f(0)=-2 and f(1)=12.  Since 0 is strictly between f(0) and f(1), by the Intermediate Value Theorem there is c in the interval (0,1) such that f(c)=0.  Thus the equation has at least one real solution.
Suppose that the equation has more than one real solution.  Then there are real numbers a and b so that f(a)=0=f(b).  Since f is a polynomial function, it is both continuous and differentiable everywhere.  Thus, f satisfies the hypotheses for Rolle’s Theorem on [a,b], and so there is k in (a,b) such that 
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.  This is a contradiction.

At this point in the Logic and Axiomatics course, students will have learned about indirect proof and how to prove there is exactly some number of an entity.  As a result, students handle these calculus problems enthusiastically and with proficiency.

A very important point in calculus is much more efficiently considered once students have a foundation in logic.  When we discuss the applications of the derivative while teaching calculus, we prove the following theorem about functions.

Theorem.  Let f be a function.  If 
[image: image18.wmf]0

)

(

>

¢

x

f

 for all x in and interval I, then f is increasing on the interval I.

While the proof of this theorem alone is an exercise that is much more productive once a student has spent time constructing formal proofs in the Logic and Axiomatics course, student understanding of exactly what this theorem says is much more likely to occur among students who are taking that course.  In particular, we can ask students to construct the converse of this statement, and then demonstrate through counterexample that the converse is false.  Thus, students will see that although a positive derivative implies that a function is increasing, it is incorrect to say that a function has a positive derivative where it is increasing.


This application and exploration using logic is continued throughout the calculus sequence.  For example, in Analytic Geometry and Calculus II, one encounters the idea of one-to-one functions.  Often this is defined as below.

Definition.  A function f is one-to-one if for all x and y in the domain of f with x
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y, we have that f(x)
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f(y).  


In practice, one works with this definition by considering the contrapositive of the statement, “If x
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f(y).”  At this point, we can remind students about contrapositive, which they already understand quite well from their studies in Logic and Axiomatics.  


Of course, the topics of sequences and series are pivotal in Analytic Geometry and Calculus II.  Students are required to argue whether various sequences and series are convergent or divergent, and so the ability to argue that students have gained and honed in Logic and Axiomatics is again put into practice.          


The topic of axiomatics itself also plays a key role in our mathematics major program.  Most math majors at King’s College take Linear Algebra in the spring semester of their sophomore year.  This course provides a transition from the calculus sequence
into higher level mathematics.  Students are required to write formal arguments throughout this course.  We approach the course by examining vector spaces first.  In fact, we begin by defining vector spaces as follows.

Definition.  A vector space over R (or real vector space) is a nonempty set V of elements, called vectors, together with two operations, called vector addition and scalar multiplication, which satisfy the following conditions:

A1.  Vector addition associates with each pair of vectors u,v in V a unique vector in V called the sum of u and v, denoted u+v.

A2.  For all u,v in V, u+v=v+u.

A3.  For all u,v,w in V, (u+v)+w=u+(v+w).

A4.  There exists a vector in V, denoted 0, such that for all v in V, v+0=v.

A5.  For each v in V, there is –v in V such that v+(-v)=0.

M1.  Scalar multiplication associates with each vector v in V and each scalar a in R a unique vector in V called the product of a and v, denoted av.  

M2.  For all u,v in V and a in R, a(u+v)=au+av.

M3.  For each v in V and all a,b in R, (a+b)v=av+bv.

M4.  For each v in V and all a,b in R, (ab)v=a(bv).

M5.  For every vector v in V, 1v=v. 


So students see that a vector space is an axiom system.  It is certainly different than the small axiom systems that they encounter in Logic and Axiomatics, but it is an axiom system nonetheless.  

At this point, we explore various examples of vector spaces, and can point out to the students that each example is a consistency model for the axiom system.  As a result, any fact that is true about vector spaces must be true in each of these consistency models.  

This approach can again be taken in Abstract Algebra, when we introduce the algebraic structures of groups, rings, integral domains, or fields.  Students can see that these structures are axiom systems, and that the examples of these structures are consistency models.  So it is quite natural to try to formulate a carefully developed list of examples, and then look for commonalities and distinctions within the examples on that list. 

Over the years, we have found this approach to training young mathematicians to be highly effective.  Implementing our approach does require departmental commitment.  All members of the department are aware of what we are doing in Logic and Axiomatics, and try to use that to enhance student learning in the major courses that they teach.  In fact, each new faculty member of the department usually sits through the Logic and Axiomatics course in her or his first semester at the College.  We believe that this commitment is worth it.  Since we are able to challenge our students to develop and write mathematical arguments and make and evaluate logical statements from early on in their academic careers, we can push our students to become independent learners, critical thinkers, and ultimately reach their full academic potential.  
LOGIC AND AXIOMATICS
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(T1) Theorem 1.  There are exactly six spies.


(T2) Theorem 2.  Each plot involves exactly three spies.


(T3) Theorem 3.  For each spy there is exactly one other spy not involved in a common plot.





(A1) Axiom 1.  Every plot involves some spies.


(A2) Axiom 2.  Any two distinct plots involve exactly one spy in common.


(A3) Axiom 3.  Every spy is involved in two and only two plots.


(A4) Axiom 4.  There are exactly four plots.
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Proof (of Theorem 1). By A4, we know that there exist exactly four plots, P1, P2, P3, and P4. A2 implies that P1 and P2, P1 and P3, P1 and P4, P2 and P3, P2 and P4, and P3 and P4 each involve exactly one spy in common. Call these spies S1, S2, S3, S4, S5, and S6, respectively. From A3 we see that these spies are distinct; otherwise, for example, if S1 is also S2, then S1 is involved in P1, P2, and P3, contradicting A3. We have established that there are at least six distinct spies. Suppose there exists another spy, S7.  Then S7 is involved in two of the four plots according to A3, say P1 and P4. But, then S7 and S3 are involved in both P1 and P4, contradicting A2.  Thus, there exist exactly six spies.
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A3 is independent of the others
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Prove that the following equation has exactly one real solution:





(T1) Theorem 1.  There exist exactly six clubs.


(T2) Theorem 2.  Each club has at least one student 			belonging to it.


(T3) Theorem 3.  For each student, there exist exactly two 	clubs to which he does not belong.


(T4) Theorem 4.  There exist exactly three students?





(A1) Axiom 1.  Any two distinct students belong to exactly 	two clubs in common.


(A2) Axiom 2.  There exist at least two students. 


(A3) Axiom 3.  For each club, there exists at most one 	student who doesn’t belong to it.


(A4) Axiom 4.  Each student belongs to exactly four clubs.
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(A2) Axiom 2 is independent of the others.
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(A1) Axiom 1 is independent of the others.








(T1) Theorem 1.  There exist exactly six clubs.
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(A4) Axiom 4 is independent of the others.
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(A3) Axiom 3 is independent of the others.
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(A1) Axiom 1.  Any two distinct students belong to exactly 	two clubs in common.


(A2) Axiom 2.  There exist at least two students. 


(A3) Axiom 3.  For each club, there exists at most one 	student who doesn’t belong to it.


(A4) Axiom 4.  Each student belongs to exactly four clubs.
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