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Abstract
The purpose of the workshop was to address the challenge encountered by mathematics educators when they explore various approaches of doing proofs in the classroom that lead to student understanding. What works? What educational reasons do they have for pursuing the arguments they use? We looked at the goal of proof in the classroom, the various factors in learning and teaching proofs, the difference between the student and the expert, what is involved in doing proofs in the classroom and some instructional strategies to attain our goal. Harel and Sowder’s (2007) comprehensive perspective on the learning and teaching of proof shaped most of the ideas at the workshop.  
1. Introduction 
Everyone has a proof story; it was interesting to listen to the proof stories of the participants at the work shop, with many narrating how they finally understood a certain proof, or part of a proof, and what brought about the understanding.  If the goal of mathematics educators is to guide the emergence of mathematical meaning in the classroom so that it becomes increasingly compatible with those of mathematicians, we need to look at how the practicing mathematician views and understands mathematics and the nature of mathematics. Students sometimes see no need for a proof, or they say that they understand proofs, but continue to ask for empirical verification. Is this wrong? Is a deductive method sufficient for the student who wants to know the meaning of the proof? How do students view proofs? How do we close the gap between the expert and the novice? The group that met at the session discussed some of these important questions. 
2. Factors in learning and teaching proofs
Factors that are involved in the learning and teaching of proofs could be mathematical, historical-epistemological, cognitive, instructional and socio-cultural. Each mathematics educator needs to spend time answering the following questions first, before they come together with others to discuss the questions (Harel & Sowder, 2007). 
1) What is proof and what are its functions? 
2) How are proofs constructed, verified, and accepted? 
3) What are some of the critical phases in the development of proof in the history of mathematics?
4) What are students’ current conceptions of proof? 
5) What are students’ difficulties of proof? 
6) What accounts for these difficulties?
7) How should proof be taught? 

8) What are the critical phases in the development of proof in the classroom?
9) What mathematics activity can enhance students’ conception of proof? 
3. Novice and Expert
It is a challenge to teach students to recognize and construct mathematical argument. This is essential if mathematics educators consider proof as central to mathematics. As practicing mathematicians we have perhaps taken for granted what constitutes proof in the eyes of the student. We explored the differences in the approach taken by the novice and the expert mathematician in proof writing. The results are shown in table 1. 
Table 1.

	Novice
	Expert

	1. Proofs: Why? Saw no need, proof was obvious! With the context being physical, the method empirical and the intellectual need only the need for approximations or good grades. Proof based on what they know.

2. External conviction: proof must have certain appearance as determined by professor. 

3. Empirical proof

4. Justify “for all” argument missing

5. Non-referential proof

6. Interested in results of operation

7. Proofs used only to verify facts they already know

8. Difficulty writing, starting and completing proofs

9. Do not think proof should be central

10. Twice is nice
11. Modus ponens good

12. Modus tollens weak. 
	1. Why? Need to ascertain and persuade. Method used often logical reasoning with the intellectual need, the need to see “structure.” Will pause at will to probe the meaning of symbols (quantitative and geometric reasoning.) Proof is essentially about key ideas. 
2. Will form goals and sub-goals.

3. Logical inference

4. ----
5. Referential proof: Will pause at will to probe the meaning of symbols (quantitative and geometric reasoning.)

6. Interested in operation itself

7. Is there a shared meaning of mathematical proof? 

8. Proof is the testing ground for intellectual stamina and ingenuity 
9. Professor sometimes as bad a student in this aspect. 
10.  ---
11.  ---
12. In general humans do not like to process negative statements as facilely as affirmative ones.


4. What is involved in proof writing? 
There is so much going on in proof writing. Table 2 describes several aspects of proof writing that we need to consider. There are definitions to deal with, and students do show an increasing sensitivity to adhering to a given definition whether they be genetic or non-genetic.  [The sphere as a rotation of a semi-circle, would be a genetic (motion) definition and the circle as points equidistant from a fixed point, would be an example of a non-genetic (static) definition].  Context matters to students; they may need to be told in finite geometry, “Well, if you do not want to think of them as points and lines, think of them as people and committees.” Communication is important and instructors need to establish the socio-mathematical norms of the class in order to ensure this. Cobb and Yackel (1996) coined the phrase socio-mathematical norms to mean the “normative aspects of mathematics discussions specific to students’ mathematical activity” (p. 461).  Of course, they will be making themselves vulnerable but this is an important process in the learning. Students must feel comfortable sharing their incomplete ideas and listening to the ideas of others. They must insist on understanding deeply and seeing why something is true and what it means to them. They should not gloss over details in the reasoning, but pay attention to assumptions they have made, not accepting anything as “obvious.” Cobb and Yackel (1996) have shown that the formation of social and socio-mathematical norms, and opportunities for learning are intertwined.  SEQ CHAPTER \h \r 1 After being taught to question, one hears students say, “Why is it true? Why is it a consequence of other familiar results?” Students learn to negotiate meanings and communicate with the instructor and each other when they begin to see the importance of the systematization that exposes the underlying relationships between the statements. Verification refers to the axiomatic proof scheme while explanation refers to the causality of the proof scheme. Systematisation refers to the presentation of proof where each result is sequentially derived from previously established results.  
Table 2.

	· Definitions 
· Verification   
· Proof with context
· Explanation
· Discovery 
· Communication
· Counter examples

· Systematisation

· Memorization

· Algorithmization 
	· Genetic, non-Genetic
· Axiomatic scheme 
· Proof devoid of context? 
· Why is it true? (Causality)
· Social ascertaining, persuading 



5. What do we do?
Students think that proof must have a certain appearance determined by the instructor, indicating that they believe in an authoritarian proof scheme. They show little feel for the purpose of proof, even when shown several examples indicating that proof demonstrated by the instructor has only some effect.  In order to get students involved in the art of proof writing, the instructor must identify current student knowledge and allow them to devise proofs for themselves so that they are convinced of the truth of a statement. They also need to provide them with the opportunity to explain, discuss, ask questions and work on the resistance to the socio-mathematical norms of the classroom and encourage metacognition (reflecting on their thinking).  Table 3 provides a summary of what we as instructors can do. 
Table 3. 

	· Identify students’ knowledge 
· Instructional Intervention
· Proof provided by instructor, some effect
· Encourage to investigate for general statements
· Provide proof fostering activities
· Talk about the explanatory role of proof
· Encourage metacognition 
· Ask questions: Will it always work this way? Why does it work this way? 
· Work on resistance to socio-mathematical norms



6. What works? 
As instructors we know that students do not even recognize whether an argument constitutes as a proof. They often do not realize that arguments may cover all cases. Perhaps the reason for the defect is the lack of exposure to engage in proof-fostering activities. So we need to put our heads together to see what works. Does explicit teaching of logic work? Should we be a sage on the sage, demonstrating, or a guide on the side, facilitating, or switch roles now and then? It is clear that a study of the nature and roots of student difficulties is necessary. Giving students more instructional time to do proofs and allowing them to study the original work of masters is a wonderful idea; here they will encounter mathematics that reflect the fumblings and stumblings of mathematicians, who sometimes proved “inaccurate results,” and realize that mathematical proof need not to be a polished finished product to begin with.  Table 4 suggests questions and pedagogical paths one can explore.   
Table 4. 

	· Does explicit teaching of logic work? 
· Sage on the stage/guide on the side?
· Look at nature and roots of students difficulties
· Give more instructional time to do proofs
· Teacher provide scaffolding
· Study original work/study the masters

· Line between Assessment and Learning blurred
· Make transparent


7. Conclusion 
There are fundamental differences between how a practicing mathematician and a novice develop proofs.  If mathematics educators wish to narrow these differences between expert and novice, she/he must first make proof writing an important part of the curriculum and seek answers to questions about the factors in the teaching and learning of proofs, design rich explorations that allows students to get their hands dirty with proof writing, and establish an environment in which these explorations are possible. 
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