Unifying Results Via L'Hôpital's Rule

Dr. Michael W. Ecker, Mathematics Department
Pennsylvania State University Wilkes-Barre Campus
Over the years I've discovered curious instances where the usage of l'Hôpital's rule may be stretched to apply. This serves nicely to unify results, generally yielding insight into special cases or limiting cases as continuous extensions of general results.
For teachers, the value here may be in challenging better students in or out of class, reinforcing results, or researching limitations of theorems such as l'Hôpital's rule. It may even be useful to present some of these as a recreation in a class or math club.

1. Adding 1 + 1 + … + 1

We treat adding n 1's as a limit of adding n terms of a finite geometric series – each of which approaches 1 – and use the finite geometric series formula, taking the limit at the end, which is indeterminate, thus allowing l'Hôpital's rule:

Hence, 1 + 1 + … + 1 (n terms)= 
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, which is correct.

On a more serious note, we may write the unified result of a finite geometric series sum:
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which is hardly new, but note how l'Hôpital's rule unifies the results so that the second case is a limiting case of the first.
2. Solving bx + c = 0

We treat bx + c = 0 as a limit of solving a standard quadratic equation with the quadratic coefficient a approaching 0, apply the quadratic formula, and take the limit at the end.
We replace bx + c = 0 with 
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 but with a = 0, so we now regard the left side of the latter equation as 
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. In view of the quadratic formula, we argue that the solution of bx + c = 0 should be found from the limit of one of the solutions of 
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, depending on the sign of b:
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 form for root with '+' if b > 0, or use "–" if b < 0); take 
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 in case b > 0, which is correct as the unique solution of bx + c = 0.

For a geometric look at this result, note that both parabolas 
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 as their mutual tangent line at their one point of intersection, (0, c). As a approaches zero, each parabola "flattens out" to this line.

3. Continuous Extension Unifying an Arctangent and a Rational Expression
With a an unspecified constant or parameter, define:
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Then we have
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Of course, 
[image: image25.wmf]0

2

0

1

lim'()'()

a

a

fxfx

x

®

==

, but 
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 is initially indeterminate (
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 form), so we apply l'Hôpital's rule:
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. (We may regard this in a limited way as an attempt to connect two possible expressions for 
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4. Unifying the Two Possible Expressions for 
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With k an unspecified constant or parameter, define:
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Now 
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 is initially indeterminate (
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 form), so we apply l'Hôpital's rule:
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5. Continuous Extension Unifying a Power and a Logarithm
With n an unspecified constant or parameter, restrict x > 0 to define:
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Then we have
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Noting the following limit's initial indeterminacy (
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 form), we are justified in writing 
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, using differentiation with respect to n and the formula for the derivative of a general exponential function with constant base.
I would be interested in learning of other instances in which such continuous unifications are possible via l'Hôpital's rule.
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