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Abstract:

Given a smooth connected subset of Euclidean
space with codimension one, that is a hyper-
surface (such as a curve in R? or a surface in
R3), we would like to examine geometric mea-
sures curvature, which are measures of how
non-flat the hypersurface is. Some recently
solved and open research problems related to
prescribing curvature shall also be discussed.



The Length of a Curve in R?:

Given a real-valued function of a real variable,
y = f(x), consider the graph of this function
over some subset [a,b] of the domain of f(x).

The first quantity that we wish to discuss is
the so-called length L of the curve given by
the graph of y = f(x) over [a,b]. For simplic-
ity, let us assume* that f(z) is in C1([a,b)]),
that is, y = f(x) is differentiable on [a, b], with
a continuous first derivative on |[a,b].

*Otherwise, even with an assumption of continuity, the
function may not be of bounded variation, and thus its
length may be infinite. For example, consider y = f(x)
on [0,1] given by f(0) = 0 and f(z) = =zsin() for
O<z<1.



We will assume that the length of a line seg-
ment is the only length thus known, and this
iIs simply the value you obtain using the dis-
tance formula with the endpoints of the line
segment.



So consider a partition of the interval [a, b]

a=20< 21 <2< < Tp_1<xTn =120,

and define

A:Ci =X, — X1

For 1 < 1 < n, consider the graph of y =
f(x) on [z;_1,z;]. Assuming that Az, is suf-
ficiently small, by the differentiability of f(x),
we have that the length of the graph of f(x)
on [xz;_1,x;] is approximately

i i= \ 8a? + (f(zi) — flaio1))>.
This is simply the length of the line segment
with endpoints (z;_1, f(x;—1)) and (x;, f(x;)).



However, we may rewrite [; as

I = \/1 + (f(ilfi) ;i‘(xi—l))zAa}i.

Moreover, using the mean value theorem, we
see that there is a number & € (x;_1,x;) SO
that

=14 (7€)% A



Thus, L may be approximated by

S V14 ()20,

1=1
which is a Riemann sum for the integral

[Vi+ (7 @)Pa.

Moreover, by our regularity assumptions on f,
the larger n gets in the above approximation
for L, the smaller

L— 3 1+ (F(€))2Az
1=1

gets. Thus

L= /ab V14 (f(2))2dz.



Now, consider a parameterized curve in R2-

r(t) = (z(1),y(?)),
t € [a,b] and z(¢),y(t) in C1([a,b]).*

For parameterized curves 7(t), we wish to de-
termine the length L of the curve over the

interval [a, b].

*If z(t) = t, then this case reduces to the graph of a
function y = f(¢), which we just discussed.



Once again, we partition [a, b] by

a=tg<t1 <to< - <tp_1<th =0,
and define At; =t;, —t;_1.

Let [; be the length of the piece of 7(¢) over
[t;_1,t;]. Then we may approximate [; by
V@) — 2(tiz1))? + (yts) — y(ti—1))?

which by the mean value theorem, may be writ-
ten as

V@ €2 + (6 (1))2 At
for some &;,m; € (t;—-1,¢;).



Hence, we see that

La Y Ve (6))2 + (6 ()2t
1=1

for n sufficiently large.

Letting n — oo we get

L= [ VG0 + 0.

Using the notation %(t) = (2/(t),y'(t)) and
(1)) =/ (@'(1))2 + (¥'(£)? we see that

= / |—<t>|dt



If we consider a general vector-valued function
of one variable

7(t) = (1(2), 22(8), - - -, 2m (1)),

then using a similar notation to above, we may
see that in the case where each of the z;(t)’s
are in C1([a,b]), the length of the curve given
by 7(¢), on [a,b] is given by

p= [ 1%w)at
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Arclength as a Parameter for a Curve:

Consider a vector-valued function #(t) as dis-
cussed above. If 7 is in CY([a,b],R™) *, then
the following function

s(t) 1= [ 15 ()lar

is the length of ¥ on the interval [a,t].

If we assume | | # 0 as well, then by the Fun-
damental Theorem of Calculus we see that

/(1) =17 @) >0,

Thus we may parameterize r by using the so-
called arc length parameter s.

*meaning each of its component functions are in
C'([a,b])
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The Curvature of Parameterized Curve in
R2:

Let 7(¢t) = (x(t),y(t)) be a parameterized curve
in R2, for ¢t € [a,b]. The tangent line to this
curve at the point 7(¢) has direction vector
fi—’;(t) = (2/(t),vy'(t)). Let 8 be the angle be-
tween the vector % and the vector (1,0). Thus

z'(t) |
V@ )2 + (' (1))?

cCosf =
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The curvature of the curve given by 7(¢) at
any point 7(tg) is a measure of how quickly
the curve 7(t) is pulling away from the tangent
line

(z(to) + tz'(to), y(to) + ty'(t0))
to 7(t) at tg.

In order to define this quantity, let us assume
that 7 is twice differentiable with respect to its
parameter variable.
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If we wish to define curvature in a way that only
depends on the geometry of the curve 7(¢) at
7(tp), we need to make sure we define it in a
way which is independent of the parameteriza-
tion of the curve.

We define the curvature of #(¢) at 7(tg), de-
noted by «(7(tp)), to be the quantity

3 .
k(7(t0)) = ——li(to)-

*Where here s is the arc length parameter.
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By the chain rule, we see

icos@ = —Sin 0d_9
dt dt
here sin 9 = y' ()
W | V@O 2+ 02 ©
d9  dfdt
ds  dtds
_ de 1
dt /(' (1)) + (/' (1))?
Moreover,
/
i cCoSsf = d z'(t)
t 4\ ()2 + (¢ (1))?

_ ") (1)” - ”(t)x’(t)y ()
[(/(1))2 + (¢ (t))Q]2
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Thus, we see that
' (t)y"(t) —y (t):v”(t)
[(:c’(t))2 + (' (1))2)2

In the case where #(¢t) = (¢, f(t)), this reduces
to

_ ()
L4 ()22

I\)IOO
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Note that if the curve is a graph of a function

y = f(x), its curvature k = " () s =0 if
[1+(f(2))2]3
and only if f(z) = 0, and thus if and only if

f(x) is a linear function.

In the case where the curve is given paramet-
rically by 7(¢), it turns out that x = 0 if and
only if the curve is a line. To see this, we ex-
amine another way in which we can calculate
the curvature of the curve.
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Recall that we define 6 to be the angle between
(2'(t),vy'(t)) and (1,0) at the point (z(t),y(t)).

Moreover, if we parameterize the curve by arc
length s, we have |97 = 1, and thus ¥ =

(cosf,sing).
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Differentiating with respect to s, and using
that Kk = g—g, we see that

d27
d—; = k(—sinf,cosh)
S
and thus
7
5| = Inl

Hence, x = 0 if and only if 2/(s),4'(s) = 0, and
this is if and only if 7= ds + b.
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A Variational Approach to Finding the Cur-
vature:

Recall that the length of a curve L which is
represented as the graph of a function y = f(z)
on [a,b] is given by

L = /ab \/1 + (f'(2))%dx.
Let
fe(z) = f(x) +eg(x)

where g(a) = g(b) = 0. Let us define L. to be
the length of the graph of f: on [a,b].
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Then the first variation of L is given by

dL¢
de

b
le=0 = %lzs:o/a \/1 + (f'(z) + e’ (z))?dzx

b
= [ 2 coV1+ (@) + g @)
_ /b f'(z)
¢ 1+ ()3

@)
@ [1 4 (f'())?]

g'(x)dz

g(xz)dz.

NIlW

So critical values of the functional

L = [ V14 @)

are functions f whose curvature « vanishes ev-
erywhere, i.e. straight lines.
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Some Examples of Curves, and Their Cor-
responding Curvature Functions:

1. Consider a parabolic function

f(z) = az® + bz + c.

The curvature « at (z, f(x)) on the graph
IS given by
2a
KR — 3
[1 + (2az + b)2]2
Note that |k| is largest at the vertex of the
parabola, and k -+ 0 as x — =+oo.
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2. 7(t) = (Rcost,Rsint), t € [0,2x], is a cir-
cle of radius R centered at the origin. A

calculation shows

R — —

R
at all points on the circle.*

*It can be shown that if C is a curve with constant
curvature k > 0 at each point on C, then C is an arc of

a circle of radius %



3. Suppose that a curve is expressed paramet-
rically by polar coordinates, that is, as a
graph over the unit circle. Then

7(¢) = (p(¢) cos ¢, p(¢) sin ¢),

for ¢ € [0,2x]. The curvature of this curve
IS given by

__ =P'p+2()° ;I- i
(0% 4+ (p)?]2




If we assume that the curve does not con-
tain the origin, then u(¢) = ﬁ exists for
all ¢. In such a case, the curvature at the
point (p(¢) cos ¢, p(¢) sin @) satisfies

u3

u 4 u) = k.
@t i



This leads us to consider the question: If
we were to prescribe k as a function of ¢,
or even as a function defined in the en-
tire plane R?, what are the solutions to the
above non-linear second order differential
equation?

If we were to solve it for u, we would have
a curve which is the graph over Sl the unit
circle, whose curvature is given by k. This
IS essentially the Minkowski and Wein-
garten curvature problems in the plane.



The Minkowski* Problem:

Given a function k : [0,27] — R, we may ask
the question: When is k the curvature of a
curve 7(t) whose unit normal is —(cost,sint)?
If K > 0, then the resulting curve, if it exists,
will be convex. Moreover, this problem can be
solved in the case where kK > O if and only if

2 21 Qi
/Wcosedez TFSIHHde:O.
0 k(6) 0 k(0)

*Actually a one dimensional equivalent to the so-called
Minkowski Problem.
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The Weingarten Curvature Problem:

Give a function k : R? — R, we may ask the
question: Does there exist a curve C whose
curvature k is given by the function k|s7 That
IS, In the case where C is given parametrically
by 7(t), we require s(7(t)) = k(7 (t)) Vt.*

*We will address this question in higher dimensions later
in the discussion as well.
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Curvature of curves in R3:

Suppose 7 is a parameterization of a smooth
curve by arc length. We may define the cur-
vature of the curve at the point 7(s) to be the
quantity

2—»
=150l
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d’r | dr -
It turns out that 732 1 7. To see this, note
S S

that %-g—i — 1, and differentiating this, we get
207 &°F — 0. Thus

d°r

—Q — RN

ds?

where 71 is a unit vector perpendicular to t :=
%. Defining b := £ x @, we have that £,7,b is a
basis for R3 at each value of s.

26



The Frenet Formulas:

dt .

— = KN,

ds
d_’ — g
= _ki— 7b,
ds

db .

— =TNn

ds

Here k is the curvature of the curve, which
measures how the curve is bending, and 7 is
the so-called torsion, which measures how the
curve is twisting.
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Curvature for Surfaces S in R2:

Let C be a curve on S, a surface in IR{Q, and let
p € C. Let k be the curvature of C at p (with 7
as defined earlier), and suppose we may define
a differentiable function N : S — S?, where
N(p) is perpendicular to S at p.

Let - N = cosf. Then we define the normal
curvature of C at p by

Kn = K COS#.
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It turns out that there is a theorem of Meusnier
that says that all curves lying on S having at
a given point the same tangent line, have at
that point the same normal curvature.

The maximum and minimum values of the nor-
mal curvatures at p € S are defined to be the
so-called principal curvatures of S at p. It
turns out that these are the eigenvalues for the
linear transformation —dN,. To see this, con-
sider —dNp(a’(0)) - a/(0) where a(s) € S with
a(0) =pand ' = d% Then

—dNp(a’(0)) - &/(0) = N(a(0)) - a"(0)

= N . kfi|p = kn(p).
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Curvature of Hypersurfaces in Higher Di-
mensional Euclidean Space:

o Let M ¢ R*"t1 pe a smooth, orientable,
regular hypersurface, i.e. M is locally a
solution to an equation of the type*

G(ZC17 e 7xn+1) — Oa
with
VG(z1, -, zp41) # 0.

e M is orientable if J differentiable N : M —
S» = {# e R*T1:||Z| =1}. N is called the
Gauss Map.

*This condition guarantees, via the implicit function
theorem, that we may write M locally as a graph of a
function on n variables.
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The Gauss Map:

We examine how the Gauss map N varies at a
point p € M.
— TpM is the tangent space to M at p.

— TN(p)S” is the tangent space to S"™ at
N(p).

— Meaning of notation: «a(t) € M a curve
with a(0) = p, &/(0) € TpM, n(t) :=
N(a(t)) and dNy(a'(0)) = n/(0).
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More Background Information:

e The eigenvalues k1(p),:::,kn(p) Oof —dNp
are called the Principal Curvatures of M
at p, which are real since —dNp is self-
adjoint.

called the Second Fundamental Form.

— If {e1,---,en} is an orthonormal basis for
TpM, then the eigenvalues of MNp(e;,e;)
are the principal curvatures.

e If M is expressed locally as a graph (&, u(Z))
around p = 0, with u(0) = 0, Vu(0) =
0, then the eigenvalues of D?u(0) are the
principal curvatures of M at p.

32



Symmetric Functions of the Principal Cur-
vatures:

e Mean Curvature of M at p:

Hp) =~ (s1(0) + - + rn(®))

e Gauss-Kronecker Curvature of M at p:

K(p) = k1(p) - - - kn(p)
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Some Problems of Prescribing Curvature
— The Weingarten Curvature Problem:

e Given F : R*t1 s R what hypersurfaces
M satisfy

H(X) = F(X),

or

VX € M7

e [0 see the complexity of this question, we
first ask: What M satisfy H = 07

— M c R3 with H =0 is called a minimal
surface.

34



Minimal Surfaces:

e Minimal surfaces are critical points for the
functional A[M] = [, dA.

— If the surface M is given by f(t1,t>),
for uw small, define a normal variation
alu,t1,t2) = f(t1,t)Fup(ts, t2) N(t1,t2).
Let M(u) be the surface defined by a(u, -, ).
Then

LA ()]

= — 20HdA.
0 /M 7

u=

35



Examples:

e catenoid:. Only non-planar surface of rev-
olution minimal surface (rotate z = coshx
about the z-axis).

e helicoid: Only non-planar ruled minimal
surface.
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The Plateau Problem:

e Of the surfaces with a given boundary, which
have the smallest possible area?

— This you can solve experimentally by
dipping your curve, as realized by a piece
of wire, in soapy water.

37



e Problem was posed by the Belgian Physi-
cist Plateau in 1850.

e For a fixed Jordan curve C C R3, in 1930
Douglas and Rado showed 45 s.t. 9S =C
and S disk-like having minimum area.
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Prescribing Gauss-Kronecker Curvature:

Consider the problem of prescribing Gauss-
Kronecker curvature, with F > 0.

e By a theorem of Hadamard, any hyper-
surface M with K(X) = F(X), VX € M,
must be convex.

e Case FF =1: Kgn = 1. It can be shown
that S" is the only solution. For uniqueness
results of this type, see:

— Aeppli (Proc. Amer. Math. Soc. '60)
— A.D. Alexandrov (AMS Transl. '62)
— Ros and Korevaar (JDG '88)

— Li (Cont. Math. '97)
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The PDE Connection:

To find M such that K(X) = F(X) VX € M,
we use tools of fully non-linear second order
elliptic partial differential equations.
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The Case in R2?:

e For a curve C C R? given in polar coordi-
nates by (z,y) = (r(0) cosé,r(0)sinf) the
curvature of C is given by

L — —TppT + 27“5 ;I— 7“2.

(r§ +72)2

e Given F : R2 3+ R, can we find C so that
Flo = k?

e Writing u = 1 the differential equation for
u 1S

u3

s(ugg +u) = F(l(cos 0,sinf)).
(uf + )2 u

41



Details:

e We |look for M star-shaped of the form

M = {p(@&)% : £ € S"}.

e Then u = p~! must satisfy:
n+2 det(V;; ¥ 1
(2| Vuf) B2 +2 0 Vi uey) _ p 1 g
det(e;;) u(X)

— e;; =< ¢;,ej > is the usual metric for 5"
— e1,--+,en IS A local frame
— V is covariant differentiation on S™

e T his equation for u is of Monge-Ampere
type.
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THEOREM (Oliker Comm. PDE '84) 1 Let
F be a smooth positive function defined on the
set {X eR"1 :r; <|X|<rmo}, r1<1l<ro

FX)X">1  VX|=r, (1)
FX)IXI"<1  V|X|=ry (2)
and
o . .
5, (P F(pT)) <0 (3)

for each fixed ¥ € S™. Then there exists a
smooth hypersurface M with K(X) = F(X)
VX € M. Moreover, any two solutions are
endpoints of a one parameter family of homo-
thetic dilations, all of which are solutions to
F(X) = K(X).
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The Method of Continuity:

e In solving an equation of the type

H(Z,u,Vu, V2u) = 0,

we need that the linearized operator

Lw = Hyg2,V?w + Hy,Vw + Hyw

at a solution w, is invertible.

— For this, we only need to check that the
null space of L is O.

e Oliker needed a%(,o”F(,oa‘:’)) <0 to:
— conclude that the null space is zero;

— obtain the uniqueness up to homothety.
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Further Results:

e Delanoé (Ann. Sci. Ecole Norm Sup. '85)
was able to drop this monotone condition
at the expense of uniqueness.

e Caffarelli, Nirenberg and Spruck (Current
Topics in PDE’'s '86): Prescribing more
general symmetric functions of the princi-
pal curvatures.

e Bakelman and Kantor (Geom. and Top.,
Leningrad '74), Treibergs and Wei (JDG
'83): Prescribing mean curvature.
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The Topological Degree Theory Approach:

Tso (JDG '91) raised the question: Prescrib-
ing K when F bounded between two positive
constants.

e Oliker’'s result does not cover this case.

e An alternate approach to this PDE, is via
degree theory argument.

— The advantage is you do not need to
know invertibility of the linearized oper-
ator.

— Require that F'is invariant under a fixed-
point free G C O(n+ 1).
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e Li (Cont. Math. '97) showed: F bounded
and G-invariant = dM with Gauss-Kronecker
curvature F'.

e Li showed: F' strictly monotone in one di-
rection = there doesn’t exist M with Gauss-
Kronecker curvature F|,;.

— Example: F(X) =tan"1(X,41) + 107.
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THEOREM (Mikula 2006) 1 Let F € C2To(R3\
{0}), a € (0,1), G-invariant, where G C O(3)
is fixed point free. Suppose F also satisfies

limsup F(X)|X|? < 1,
|)Z'|—>O

liminf F(X)|X|? > 1.
| X | =00
Then there exists G-invariant M = {p(Z)¥ :

Z € S?} with Gauss-Kronecker curvature K(X) =
F(X)VvX e M.

e Growth conditions on F' are optimal: For
e > 0, the functions F(X) = (1+¢)|X|~2 do
not admit M with K(X) = F(X) VX € M.
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An Open Problem:

Open Problem: 1 Let F € C®(R*T1\ {0}),
G-invariant, G C O(n + 1) fixed-point free.
Suppose F also satisfies

limsup F(X)|X|" < 1,
|)?|—>O

liminf F(X)|X|" > 1.

| X | =00
Show that there exists a G-invariant hyper-
surface M = {p(£)x : £ € S} with Gauss-
Kronecker curvature K(X) = F(X) VX € M.

49



Bibliography

o A. Aeppli. On the uniqueness of com-
pact solutions for certain elliptic differential
equations. Proc. Amer. Math. Soc. 11
(1960), 826-832.

e A.D. Alexandrov. Uniqueness theorems for
surfaces in the large I-VV. Amer. Math. Soc.
Transl. 21 (1962), 341-354, 354-388,
389-403, 403-411, 412-416.

e I. Bakelman and B. Kantor. Existence of
spherically homeomorphic hypersurfaces in
Euclidean space with prescribed mean cur-
vature. Geometry and Topology Leningrad
1 (1974), 3-10.

e L. Caffarelli, L. Nirenberg, and J. Spruck.
Nonlinear second order elliptic equations
50



IV. Star-shaped compact Weingarten hy-
persurfaces. Current Topics in Partial Dif-
ferential Equations, ed. by Y. Ohya, K.
Kasarhara, N. Shimakura. Kinohuniza Co.,
Tokyo (1986), 1-26.

Ph. Delanoe. Plongements radiaux S" —
R**t1 a courbure de Gauss positive pre-
scrite. Ann. Sci. Ecole Norm. Sup. 18
(1985), 635-649.

M.P. do Carmo, Differential Geometry of
Curves and Surfaces, Prentice-Hall, Inc.,
Englewood Cliffis, NJ (1976).

N.J. Korevaar. Sphere theorems via Alexan-

drov for constant Weingarten curvature hypersurfa
Appendix to a note of A. Ros. J. Diff.
Geom. 27 (1988), 221-223.



W. Kuhnel. Differential Geometry: Curves
- Surfaces - Manifolds, AMS (2002).

Y.Y. Li. Group invariant convex hypersur-
faces with prescribed Gauss-Kronecker cur-
vature. Contemporary Mathematics 205
(1997), 203-218.

Y.Y. Li. Degree theory for second order
nonlinear elliptic operators and its applica-
tions. Comm. in PDE 14 (1989), 1541-
1578.

R. Mikula. Prescribing Gauss-Kronecker
Curvature on Group Invariant Convex Hy-
persurfaces. J. Diff. and Integral Equations
19 (2006), 1103-1128.

V.I. Oliker. Hypersurfaces in R*T1 with
prescribed Gaussian curvature and related



equations of Monge-Ampeére type. Comm.
PDE 9 (1984), 807-839.

A. Ros. Compact hypersurfaces with con-
stant scalar curvature and a congruence
theorem. J. Diff. Geom. 27 (1988), 215-
220.

A.E. Treibergs and S.W. Wei. Embedded
hypersurfaces with prescribed mean curva-
ture. J. Diff. Geom. 18 (1983), 513-521.

K. Tso. Convex hypersurfaces with pre-
scribed Gauss-Kronecker curvature. J. Diff.
Geom. 34 (1991), 389-410.

S.T. Yau. Problem section, Seminar of
Differential Geometry Annals Math. Stud-
iles, No. 102 Princeton University Press,
Princeton, NJ (1982).



